Abstract.-The existence o r otherwise of a minimum m e t a l l i c conductivity amin i s examined. It i s found t h a t the formulae given previously f o r t h i s quantity a r e c o r r e c t i n t h e l i m i t of high temperatures. A t low temperatures, following the considerations of Mottl and S t e i n and ~r e~2 , we f i n d t h a t . i t s existence depends on t h e index s i n the behaviour of t h e l o c a l i z a t i o n length l / a , where a % (Ec -E l S . I f s Z 213, amin e x i s t s ; i f n o t , a behaves l i k e arnin(E -E , )~ where t = 213 -s and omin i s t h e value obtained previously. I f
s i s 0.6, as some c a l c u l a t i o n s suggest, t i s 0.067 and a very rapid r i s e with E i s predicted. This i s i n f a i r agreement with t h e observations of Rosenbaum e t a13
on Si:P.
The s i t u a t i o n i n two dimensions i s reviewed, and some of the r e s u l t s of t h e s c a l i n g theory of Abraham e t a14 i n 3d a r e c r i t i c i s e d .
The present author (~o t t~) f i r s t suggested t h a t , f o r a degenerate e l e c t r o n gas i n a disordered medium, t h e r e e x i s t s a quantity called the minimum m e t a l l i c conduct i v i t y , and denoted by amin. This can be defined i n two ways. I f the Fermi energy EF l i e s below t h e mobility edge E c , the conductivity a t high temperatures w i l l be given by A t low temperatures conduction w i l l be by v a r i a b l e range hopping. W e b e i i e v e ( 1 ) t o be e s s e n t i a l l y c o r r e c t . The point t o be discussed i n t h i s paper i s wiether, i n the l i m i t of low T, t h e r e e x i s t s a range of AE (= EF -E,) f o r which a tends t o a f i n i t e value l e s s than t h e c a l c u l a t e d value of omin as T + 0. There i s evidence t h a t t h i s i s s o f o r Si:P over a narrow range of concentration (3.2 If 0.03 x 1018 ~m -~) , obtained by Rosenbaum e t a13.
The q u a n t i t y omin was calculated i n t h e following way from t h e model used by ~n d e r s o n 6 i n 1958. For energies above but near t o t h e mobility edge, t h e onee l e c t r o n wave function was assumed t o be of t h e form ( c f . ~o t t~ f o r a recent discussion)
where the J, a r e atomic wave functions and t h e $ a r e ran'dom phases. The conducn t i v i t y was ?hen calculated from t h e Kubo-Greenwood formula (Mott and ~a v i s . 8 )~ being proportional t o where n, n+l r e f e r t o adjacent s i t e s . amin i s obtained when EF l i e s a t a mobility edge. where D is the diffusion coefficient and T the lifetime; for electron-electron collisions Ili . : 1/T. The behaviour (6) depends on long-range fluctuations in the cn, so that with increasing T, a rises to omin. The present author9 finds giving a very rapid rise towards omin for increasing T, again in qualitative agreement with the observations14 on Si:P. That is why the author's previous values (2) are, we believe, correct in eqn (I) at high T, but if s = 0.6 they are not at low T.
Turning now to two dimensions, we believe that a sharp transition exists at Ec between energies for which localization is exponential, which gives variable range hopping, and power-law localization which does not. For E above Ec, the conductivity behaves (for k~9.. The logarithmic term with L = !ti I/T, which has been observed in many experiments, is normally only of order 0.1, but in principle a + 0 as L -t m . The theoretical value of the conductivity, including the logarithmic term, for E near a mobility edge (kFR % 1) has not yet been obtained; the derivation of (10) was first given by Abraham et a14 and alternative proofs by Gorkov et all7 and Kaveh and T4ott18, and Mott and Kaveh13 for eqn (7) .
Altshuler et all9 first showed that a proper treatment of the effect of electron-electron interactions on the density of states in two dimensions also leads to a correction to u of the form (10). Both effects are present, but respond differently to a magnetic field, as has been shown experimentally by Uren et alZ0 in observations on inversion layers. A similar analysis was earlier applied to three dime~sional systems by Altshuler and ~r o n o v~ l, giving an addition to the resistivity as T2, in contrast to the Baber term in T~. The former appears when 2 is comparatively small, and has been observed in cold worked bismuth and Si:P.
Finally we comment on the scaling theory of Abrahams et a14, which first gave correctly the logarithmic term (7) in two dimensions and which has also been used, in 3d, to disprove the existence of a minimum metallic conductivity. We do not think the latter conclusion is correct, for the following reason. These authors introduce a dimensionless conductance g defined by for a block of size L. g is a function of L and of the energy E. They then introduce a "universal scaling function" defined by conduction, this is so; it can be shown that where A and B are numbers independent of E or L. Integration gives in 2d so the dependence on L is obtained correctly but nothing can be said about the constant term. In three dimensions, integration gives where l/Lo is a constant of integration. The term AIL is correct, giving a varfation as T when L is replaced by R;, but is not observed because of the larger TZ term given by the interaction theory.
For small g we believe that (in contrast to Abrahams et a1 who give g * e-aL). In 2d, both assumptions are the same and so which is also independent of L and E; thus it is maintained that an extrapolation can be made over the whole range of g. Pichard and Sarma16 also remark on this property of 2d systems. In three dimensions on the other hand whence 6 may still be a function of g only, and may therefore exist in the region where they make use of it to obtain o(Ec) = 0. However, since U is obtained by integrating (10) and involves an unknown constant of integration, it seems impossible that it could give the value of o(E) under any conditions, or ~redict that o(E) = 0.
